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Theoretical aspects of ion separation in imperfect fields of the quadrupole mass analyzer 
operating within the first, second, and third stability regions are applied to simulate 
transmission and resolution by using an analytical approach. A mathematical simulation based 
on statistical mechanics reveals in analytical form that the region of beam capture, i.e., the 
transmission, is inversely proportional to the relative values of the mass analyzer distortions 
to the 1.18th power in log scale. Otherwise, taking into account tails of peaks from unstable ion 
trajectories shows that the maximum attainable resolution is directly proportional to the 
number of cycles the ions spend in the field to the 1.33rd power. Because the ion current is 
amplitude modulated by the frequency of the alternating component of the field, transmission 
losses because of a parasitic modulation increase more than tenfold as the resolution and 
distortion increase. These losses are reduced to a minimum by applying a heterogeneous 
standing wave voltage to the mass analyzer with a linear distribution of amplitude along the 
ion transit axis. This additional standing wave increases the transmission tenfold. This 
procedure has the additional advantage of ion injection at zero phase in each cycle of the 
radiofrequency (rf) field. Experimental verification of the techniques used to avoid transmis- 
sion losses caused by field distortions indicates the validity of the simulation results. The 
coarse approximation by means of the operating surface of electrodes in the form of rings 
instead oi: a solenoid to create a heterogeneous standing wave voltage applied to the mass 
analyzer with a linear distribution of amplitude along the drift axis increases the transmission 
by a factor of 5 compared with a traditional coupling mass filter with pre- and post-filters. Such 
a comparison proves the advantages of ion injection into the mass analyzer at zero phase in 
each cycle of an rf field. This reduces the mechanical tolerances of the mass analyzer by an 
order of magnitude and creates prospects for an increase in attainable resolution by using 
electrodes of circular profile. (J Am Sot Mass Spectrom 1998, 9, 70-87) 0 1998 American 
Society for Mass Spectrometry 
R ecent developments in the study of the second [l] and third [2] stability regions based on the numerical simulation of a quadrupole mass an- 
alyzer create prospects for improved resolution. An 
analytical approach to mathematical simulation based 
on statistical mechanics [3] permits one to embrace the 
total set of initial conditions and to obtain in analytical 
form transmission and resolution within these stability 
regions. Mathematical simplification can account for the 
fringing field [4] and field distortions [3] in real ion- 
optical systems of the mass analyzer. 
Ion separation in a quadrupole mass analyzer is 
based on the trap mechanism, which realizes the inde- 
pendence principle of ion oscillations around each of 
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the positional axes [3]. The separation power is defined 
by the sorting time expressed usually in number N of 
the radiofrequency (rf) cycles given by N2 = K,R, 
where K, = 20, K, = 0.01, and K, = 0.4 for the first, 
second, and third stability regions, respectively, and R 
is resolution. For maximum resolution and transmis- 
sion, the oscillations of ions around the positional axes 
must be independent of each other [3]. Furthermore, the 
mass analyzer electrodes must have an exactly hyper- 
bolic profile. In practice, mechanical distortions of the 
mass analyzer do not adhere to the independence 
principle of ion oscillations. This causes transmission 
losses [3]. Analytical simulations yield a technique that 
eliminates these losses, which can be verified experi- 
mentally [3]. This reduces the margin of tolerance of the 
mass analyzer without transmission losses by an order of 
magnitude. Alternatively, resolution can be improved by 
using traditional round instead of hyperbolic rods. 
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Simulation and Assumptions 
The purpose of this article is simulation of ion separations 
in distorted fields of the quadrupole mass analyzer so that 
the relation between the transmission, resolution, and 
distortion parameters can be determined. 
To develop a simulation, the analytical method [3] 
that solves this problem is improved with the following 
assumptions. The mathematical simplification of sepa- 
ration processes in a mass analyzer with distortions is 
based on the analysis of beam dynamics in phase space. 
The trap mechanism of ion separation is conditioned by 
the properties of characteristic solutions of the Hill 
equation. These solutions can be reduced to the approx- 
imate solution in the form of a general solution of a 
homogeneous Mathieu equation with combined factors 
taking into account a small heterogeneous part [3]: 
where 
which defines the region of beam capture (acceptance) 
in the phase space, 
where 1 = 1, 2; k = 0, 1, 2, 3; if k = 0, 1 then r = 1 - 
k + (-l)‘+’ + (-l)k+l and if k = 2, 3 then r = Ik - 
2 + (-l)‘+l + (-l)k]; 
A”’ 
2no 
Al& = [1 + (‘&?)*I 1 + PlkByO 
n 
B& = [1 + (Kh?)21 1 + PIkByO 
n 
(3) 
(4) 
(5) 
(6) 
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T 
se$)(~) = 2 Cf& sin(2rz + Plk)[ 
,2=-m 
are even and odd Mathieu functions of fractional order 
P,k of characteristic values II, and brtl and Plk is the 
stability parameter. Integration constants a?$ and ~$2~ 
are determined by the Kramer rule 
and 
The resultant distortion factor K,,1 is determined by 
16 
Kb;’ = Ic 
1 
(‘&2 (9) 
i=l 
where 
to be dispersions that are caused by nonparallel and 
non-straight electrodes, fringing distortions, a harmonic 
composition of the voltage waveform, fast scanning, as 
well as the use of round instead of hyperbolic rods, 
respectively [3]. The oscillatory factors are given by 
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Consider unstable ion trajectories around at least one 
of the positional axes in an rf field of a quadrupole mass 
analyzer. The equations of ion motion in the Mathieu 
form are reduced then to the following solution [3]: 
are even and odd Mathieu functions of integer order 2n 
of characteristic values a, and b,+r; blk is the instability 
parameter. 
is the parameter determining the operating point when 
ion trajectories are unstable in the x or y directions. The 
index 0 corresponds to .$ = &,. The Wronksian W& and 
integration constants &Jr and c&& are determined by 
eqs 8 and 7, respectively, for even and odd Mathieu 
functions of integer order 2~. The acceptance parame- 
ters J$A,, A?,$, and B’;n’,, are given by 
where 
which defines the region of beam capture (acceptance) 
in the phase space 
where 
and 
B!$Lo = [(ce$,)* + (se$A,)*]/ WgAo 
The estimation criterion of the simulation accuracy is 
the relative deviation of an operating point on the 
Mathieu diagram from the tip of the stability triangle 
(for the first and second stability regions) or quadrangle 
(for the third stability region). 
The generality of the arguments still holds if we omit 
the indices (r) and I corresponding to the x and y 
directions as well as the index k corresponding to the 
number of stability regions in the following discussion. 
For the phase-plane region occupied by a beam in 
the form of an ellipse or the hyperbola given by eqs 2 or 
12, replacement of Uo, ti, by u, ri from the following 
matrix equation 
(13) u(nn + 50) = M,(vn + So)uo 
or 
r;i, = [r$l + 2.%k(Xlk + Xlkl>l/(l + PlkXil~~O) 
u(m + 50) = N,(nn + 5o)uo 
(14) 
for unstable trajectories, where 
(15) 
u 
[1 
and 
uo 
(16) 
u= 
li 
uo = 
c I GO 
(17) 
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are the state vectors of the beam for final and initial 
conditions, uO and tia are initial coordinates of the ion in 
phase-plane (u, ti), yields again a quadratic form 
respectively. Alternatively, the use of eqs 90-92 and eqs 
104-106 from Appendices I-II, yields 
rp = (1 + @(b,o + 2P)/(l + @zno) (29) 
I.& + 2A,uti + Bpziir = EP 
A, = (1 + ~;)~A,,o/(l + L%no) (30) 
or 
B, = (1 + @B,,,/(1 + @h) (31) 
I’,u2 + 2A,uti + &xi2 = Ec (18) 
rlL = (1 + 4[r2,, + 3-4x + x-~L)l/ll + w-%&p) 
where 
or 2 
1123 - Zn22n2, 
2 
Hz1 
-%2Hm nl Ln22 + n12nzl -n11n21 
2 %2 -2%2nl, nil 2 1 
(20) 
and the elements of tra.n:sition matrix M, for a period 
m are given by 
m 11 = cos(pm) - KD Sil@‘lTYZ) + A,, 
x [sin(hn) f ‘cD CCX@rn)]/(l + Kg) (21) 
m 12 = Bgo[sifilPan) + K~ cos(@n)]/(l + K$ (22) 
and the same elements for N, are given by 
n II = 1 - dk + ~-L)~nAZ,,l(t + p~-%~) (25) 
n 12 = -/-4x + k-Lh1B2,01tl + pflBzno) (2’3 
n21 = dx + x-1h~2na/(l + ~x-~B,,~) (27) 
n 22 = 1 + /4x + X-‘hA,,,l(l + ~x-~B,,,o) (28) 
(32) 
A, = (1 + &%,,/(1 + PX-%,o) (33) 
B, = (1 + dP,,o/I1 + PX-‘82,,cJ (34) 
where 
As the parameters of quadratic form 18 are co&u& 
in the A matrix as follows 
A, = 
or 
A, = 
r,B:’ A; [-B& --“:I 
then conversion given by eqs 19 or 20 can be luritten in 
a compact form 
A, = MrAs&fr or A, = Nrh,afir (35) 
where the index tilde denotes the operation of matrix 
transposition. The elements on a major diagonal of the 
A-matrix determine the linear and &ngular envelopes of 
a beam given by 
ll max = \~esB,/(r,Bp - A;) 
or 
or 
The elements on another diagonal define the dwia- 
tion from a canonical orientation of the ellipse, i.e., 
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tan(26) = -2A,/(B, - To) Differentiating these expressions with respect to &, 
and then equating to zero and taking account of the 
or acceptance invariancy yields 
tan(26) = -2A,l(B, - r,) (38) I& = 0 (41) 
where 8 is the angle between a major axis of ellipse and 
the abscissae on the phase-plane (u, ti). The area S of 
the ellipse given by eq 18 is defined by the formula 
S = mf,/ &BB - A; 
B,, = 0 (42) 
Because the Wronksian is always invariant, i.e., 
vviTpo = vv2nO = 0, with the use of eq 4, eq 41 can be 
reduced to solution of the following set 
or 
K~& = 0, i.e., Kg = 0, or /?a = 0 (43) 
which is obtained by conversion of ellipse by eq 18 to a 
canonical form, i.e., by means of a new system of 
coordinates rotated correspondingly, and the formula 
for the area of a canonical ellipse. By fundamental 
Liouville’s theorem the ellipse area 39 remains constant 
if the linear unimodular conversion of the phase-space 
is applied [det(M,) = 1, or det(Nr) = 11. However, 
processing eqs 29-34 shows that det(M,) = 1 + 4, or 
det(N,) = 1 + 4. Then, Liouville’s theorem is valid 
when the distortion factor K~ and instability parameters 
p and x equal zero, i.e., at zero injection phase &, and on 
the stability boundaries only. In other respects, the 
condition det(M,) = 1, or det(N,) = 1, is not satisfied. 
This causes a decrease of the beam capture region 
(acceptance) in phase-space for all phases differing from 
zero and especially at &, = 9~12, i.e., when Kg is a 
maximum, and for n > 1. 
Transmission of Mass Analyzer With Distortions 
The transmission is proportional to the product of 
acceptances, i.e., areas of the resultant ellipses (namely, 
inscribed Floquet’s ellipses) in the x and y directions. 
Their parameters can be found by the following argu- 
ments. Because inscribed Floquet’s ellipses are formed 
by boundaries of the intersection region of acceptance 
ellipses for different initial phases &,, a minimum value 
of u(&,) at ti = 0 yields the linear envelope uR of the 
beam for the ellipses, A minimum value of ti( &J at u = 
0 yields the angular envelope tii,. Then, in a particular 
case of trivial solutions, the ellipse equation in the 
central part of the phase plane (u, ti) takes the canonical 
form 
l12/u; -I- li2/a; = 1 (40) 
Substituting conditions ti = 0 and u = 0 into eq 2 
yields 
24&J = J&if&i, (at 22 = 0) 
ii = JE~~/B~~, (at u = 0) 
F -0 2no - (44) 
Clearly, the first solution of eqs 43 and 44 is trivial, 
i.e., to = 0. Taking into account eq 6, eq 42 can be 
reduced to solution of the set, where the first equation 
is eq 43 and the second equation can be given by 
B -0 2no - (45) 
Then, the first solution of eq 42 is trivial also, i.e., 
&, = 0. Nontrivial solutions of eqs 43 and 44 can be 
found by the following arguments. Differentiating con- 
sistently K,,~ in eq 9 with respect to &, and then equating 
to zero, we obtain 
(;f’ = 0 (46) 
(if’= z,/(roti,o) + q,,(~20/~10)U70/~0)~ (48) 
Solution 46 satisfies any type of distortions. Non- 
trivial solutions of eqs 44 can be written in the form 
50 = 4ik + n) (n = 0, 1, 2, . . . .) (49) 
Analysis of the oscillatory terms in eqs 43 and 44 
shows that their roots are valid for distortions caused 
by nonstraight electrodes as well as for fringing field 
distortions as given by eq 49, i.e., & = 1.6 (&, = 1.58 and 
&a = 1.43), for the first stability region, c1 = 0.1 (111 = 
0.09 and J& = O.ll), for the second stability region, c2 = 
1.3 (cr, = 1.28, & = 1.0) and {a = 1.2 (<r3 = 1.0 and 
& = 1.42) for the third stability region near the upper 
and lower tips, respectively. 
Therefore, if eqs 43 and 44 as well as eqs 47 and 48 
are satisfied simultaneously, the following relations 
must be fulfilled for even values of n = 2p 
LoPt/ro = p7rzijo (50) 
where p is equal to an integer value from the equation 
2p = N = I&$. Equation 50 defines the optimal 
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length of a mass analyzer with nonstraight electrodes. 
Alternatively, the optimal value of the coordinate z0 of 
a source exit with aperture 2R, is given by 
zZP’/ro = d$i30 ‘- (~20/~lo)(~o/ro)2 (51) 
Therefore, eq 51 determines the optimal distance from 
the source to the mass analyzer taking into account the 
fringing field. 
Dividing eq 51 by the factor ti,, yields 
5TPt = ~4-k t G,,-d(%,/W(R,/~o)* (52) 
Because ti,,rrn = L/r,, where n = m, the use of 
eq 52 yields 
5TPt = &Z,cc 2 ~~(u,/L)(R,,ln,,,(R,/ro)‘l (53) 
which define the optimal time the ions spend in the 
fringing field. 
In order to obtain the parameters ti, and uR of the 
inscribed Floquet’s ellipses to satisfy the trivial solu- 
tions of eqs 43 and 44, it is sufficient to substitute 
consistently eqs 50 and 53 into eqs 4 and 6, and then into 
eq 40. This results in 
uR = \I(1 + PB,,,)/[(1 + K:pt)(rm + 2p)] (55) 
which define the lengths of major and minor axes of the 
resultant ellipse, in the particular case of the trivial 
solutions. 
Because the factors in a canonical equation for the 
resultant ellipse in the central part of a phase plane are 
determined by eqs 54 and 55, the transmission of the 
analyzer with distortions is given by 
T = fi ti,~U,~ (56) 
I=1 
All arguments are valid for the canonical form of the 
inscribed Floquet’s ellipses, which corresponds to triv- 
ial solutions of eqs 43 and 44, i.e., to = 0. For nontrivial 
solutions the resultant ellipse tends to be orientated 
along a major axis of the acceptance ellipse that corre- 
sponds to an initial phase [,, given by eqs 52 or 53. Then 
the linear and angular envelopes of the ion beam are 
given by eqs 55 and 54. The use of eqs 36-38 yields the 
following set: 
tan(26) = -2Apl(Bp - rp) 
= -2A,/(B, - I’,) (57) 
u; = (roB, - A;)/B, (58) 
(59) 
Solutions of eqs 57-59 are the resultant ellipse pa- 
rameters rO, A,,, and B, in the following form 
r. = +i/{[l + 2 tan*(26)]2&~ 
- (u”, + ti$)} (60) 
A, = tan(2s)u$i(tii 
- u$/{[l + 2 tan*(26)]uitii - (u”, + tii)} 
(61) 
B, = u~ti~/{[l + 2 tan*(2a)]uitii 
- (u”, + iii)} (62) 
Substitution of eqs 60-62 for the x and y directions into 
eq 39 yields the resultant expression for 100% transmis- 
sion for nontrivial solutions of eqs 43 and 44, as follows 
T=fi& (63) 
I=1 
where 
and ti,, and uR1 are determined completely by eqs 54 
and 55. 
The parameters of the resultant ellipse or hyperbola 
for 50% transmission can be found by the following 
arguments. 
Resolution and Peak Tails in Mass Spectrum 
First, we consider peak tails in mass spectrum to find 
the explicit form of resolution within the first, second, 
and third stability regions. The peak tails are deter- 
mined by stable and unstable ion trajectories in the y 
and x directions, respectively, for the x boundary on the 
Mathieu diagram, i.e., at the low side of a mass number, 
M - 6M. Otherwise, tails are formed by stable and 
unstable ion trajectories in the x and y directions 
respectively, for the y boundary on the Mathieu dia- 
gram, i.e., at the high side of a mass number, M + SM. 
Therefore, we can express the abundance sensitivity s, 
by using eq 36 as follows: 
= i: (u~),,,(U:),,,(rppBpP - A&JI 
L I=1 
1 
-1 X (r,& - A2,r)/U&B,J 
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Table 1. The factors for calculation of the stability parameter p and the maximum attainable resolution R,,, 
Stability 
region k I qk qk ak A, K, Kk 
I 0 1 0.70600 0.23699 0.1773 0.345 4.2 11.8 
2 0.427 2.8 
II 1 1 7.54728 0.02955 3.3754 1.919 0.1 0.02 
2 1.966 0.1 
Ill 2 1 3.23408 3.16439 1.1004 0.864 0.7 0.7 
2 0.677 1.1 
Ill 3 1 2.81530 2.52100 0.9402 1.045 0.5 0.2 
2 1.313 0.3 
where I = 1, 2; p = 1 + (-l)‘+‘. Taking into account 
that urnax := 1 with the use of eqs 31 and 34, as well as 
eqs 89 and 103, yields 
I 
2 
s, = x (1 + ~&,)~(l + r&)(1 + &B$$-J 
L I==1 
1 
-1 
x (1 + CLIX~-‘B~~~>/(B~~OB!O) (64) 
where if k = 0, 1 then I = p - k f (-l)k*l and s = 
p - k + (--l)P+’ + (-l)k+‘, or if k = 2,3 then r = (k - 
2 + (-ly+l + (-l)kl and s = jk - 2 + (-l)P++’ + 
(-l)kl. 
The resolution, R, is calculated from the width of the 
stability region that is cut out by a particular scan line 
given by eq 110, eq 111 is used as follows: 
R = i Aqlk/qk = @k/b, - 0) 
l=T 
where (Yk is determined by eq 113. Similar arguments in 
Appendix III show that the maximum attainable reso- 
lution, R,,,, is related to the number of cycles the ions 
spend in the field, N: 
-1 
N2 = I:,R,,,, where Rk = 
i i 
fi 4.!$, 
1=1 
Alk is determined by eq 124 and R,,, = R0,5 = 2R,,1 is 
estimated in relation to the required field length by 
examining the half wavelength of the characteristic ion 
motion at the center of a peak of known theoretical full 
width at half height. Hence, with the use of eqs 114- 
126, we calculate the stability parameter /3 near the tip 
of the stability region and the maximum attainable 
resolution, which are summarized in Table 1. 
When ion trajectories are unstable about at least one 
of the positional axes, similar arguments in eq 64 
determine the resolution level L,: 
where L, equals 0.5 or 0.1 for the resolution at 50% and 
10% valley, respectively. 
Substitution of eqs 31,34,89, and 103 into eq 65 with 
the use of eqs 36 yields 
L, = i: (1 + 7$&l + ~;t)-~(l + I-&B%) 
I=1 
x (1 + &BgJ-1 n (66) 
Because BYA:,‘, C= 1.5 and x2 = q,pl/SI by eq 143, we 
can neglect the term above second order with respect to 
p, which does not contain the factor n in eq 66. 
Therefore, substitution of eqs 140 and 143 into eq 66 
with processing of eq 66 and neglecting the term above 
second order with respect to Q, shows that 
N = &R314 
where 
(67) 
K, = (2 - LR) i &qlkA,$(l + Kg,)-’ (68) 
&k and v/k are determined by eqs 141 and 144, respec- 
tively. 
The use of eqs 140 and 143 yields the factors estimat- 
ing the instability parameters p and x as well as the 
maximum attainable resolution taking into account the 
peak tails from unstable ion trajectories, which are 
summarized in Table 2. 
Therefore, similar arguments in eq 64 to determine 
the parameters of resultant ellipse for 50% transmission 
given by eqs 60 - 62, yield the linear uRP and angular 6,, 
envelopes of a beam determined as follows 
U 
Rp = 
(1 + &(l + Pp@,!o)Fi% + 2,4(x1 + x?)l 
1 (1 + Kip)(l + I-Qx~%‘&,)U%, + 2&,) 
(70) 
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Table 2. The factors for calculation of the instability parameters p and x as well as the maximum attainable resolution R,,, when 
ion trajectories are unstable about at least one of the positional axes 
Stability 
region k I qk 4 q/k a, 6, Tik 6, Kk 
I 0 1 0.70600 0.23699 1.58072 0.53062 0.311 1.684 4.36 2.68 
2 0* 0* 0.407x 0.545 2.99 
II 1 1 7.54728 0.02955 7.61222 0.02970 1.919 25.48 0.27 0.21 
2 7.48035 0.02918 1.966 18.49 0.33 
Ill 2 1 3.23408 3.16439 3.32006 3.24841 1.542 2.529 0.53 0.53 
2 2.56782 2.51241 1.080 2.529 1.47 
Ill 3 1 2.81530 2.52100 3.42632 3.06800 1.545 0.861 0.88 0.64 
2 2.70661 2.42355 1.359 1.687 0.84 
Symbols * denote that S$, = la, - k,,q,l(k,, - I$,-’ and k,, = Cl, parameters that are given by b,(q) = a, = 1.14987q - 0.57482. 
where I = 1, 2; p = I + (-l)‘+‘, if k = 0, 1 then r = 
p - k + (-l)k+l ands = p - k + (-l)P’i + (-l)k+l, 
or if k = 2, 3 thenr = Ik - 2 + (-l)r+l + (-l)ki and 
s = jk - 2 + (-l)P+l + (+I. 
Discussion 
By variation of &, acceptance ellipses rotate and delin- 
eate the resultant ellipse in the central part of the 
phase-plane, which corresponds to 100% transmission 
[3]. For those distortions other than fringing field dis- 
tortions, a major axis of the inscribed Floquet’s ellipse 
tends to be orientated along the abscissae. For fringing 
field distortions, the resultant ellipse tends to be orien- 
tated along a major axis of the acceptance ellipse that 
corresponds to initial phase to defining the optimal time 
the ions spend in the fringing field. The resultant 
ellipses in the x and y directions are shown in Figures 1 
and 2. 
From eqs 54 and 55, distortions cause transmission 
losses Ilf=, (1 + K$) times greater for an imperfect field 
compared to an ideal field at the same resolution. 
Because the transmission is proportional to the product 
Ilf=, pi, then the latter is inversely proportional to 
resolution. This is illustrated in Figure 3 where trans- 
mission drops approximately linearly more than 1000 
times as the resolution increases to a value of 10,000 in 
the log-log scale (see curves 2). At such a value of 
resolution, the transmission losses due to fringing field 
distortions are comparable to those that use round 
instead of hyperbolic rods (cf. curves 1 and 2). These 
losses within the first and third stability regions near 
the upper tip are more extensive than those within the 
second and third stability regions near the lower tip by 
over an order of magnitude. Otherwise, taking into 
account peak tails from unstable ion trajectories shows 
that the intensity of these tails decreases more exten- 
sively than those due to fringing field distortions (cf. 
curves 2, 3, and 4). 
Reference [3] indicates that the transmission is in- 
versely proportional to the relative value of the geomet- 
ric distortions to the 1.18th power. 
From eq 56 the transmission of the mass analyzer 
with distortions is a function of the fringing field length 
zo/ro and injection phase & given by eqs 51 and 53, 
respectively. This is illustrated by Figure 4 where the 
variation of transmission losses with za/ro has a reso- 
nant character with peaks at the optimum values, zip’. 
If the magnitude of the fringing field distortions 
increases, the transmission losses increase. In this case, 
transmission can drop tenfold at zero fringing field 
length (see curves 6a, 7b, 8c, and 4d). When z0 is greater 
than 0.6~~ transmission can decrease more than lOO- 
fold depending on $ (see curves 2a, 8b, 9c, and 2d). 
Hence, if the injection energy decreases or the relative 
transit time in the fringing field increases, the transmis- 
om c 
Figure 1. Resultant acceptance ellipses for the optimal time the 
ions spend in the fringing field. (a) The x direction, 0, = 0.9931 
and (b) the y direction, p, = 0.00854 for the operating point a = 
20.236919 and q = 0.706, i.e., for the fist stability region. (c)The 
x direction, & = 1.96162 and (d) the y direction, p, = 1.03932 
for the operating point d = 20.0282 and q = 7.54728, i.e., for the 
second stability region. Curves 1 represent the 100% transmission. 
Curves 2 corresponding to 50% transmission are presented with a 
hyperbolic component of the form due to the restriction with 
respect to the radial divergence of the ion beam. 
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Figure 2. Similar resultant acceptance ellipses for the third stability region. (a) The x direction, (3, = 
1.98272 and (b) the y direction, 0, = 0.01354 for the operating point near the upper tip: a = 
53.16395 and q = 3.23408. (c) The x direction, 0, = 1.0209 and (d) the y direction, J3, = 0.97374 
for the operating point near the lower tip: a = 
description of curves. 
t2.520624 and q = 2:8153. See Figure 1 for a 
b 
lm mm 
Figure 3. Log-log plot of the transmission losses in the mass 
analyzer VS. resolution (R). The relative transmission losses (T/ 
T,) are expressed as a ratio of the transmission in the imperfect 
fields of the quadrupole mass analyzer to that in an ideal field. (a) 
The first stability region. (b) The second stability region. (c) The 
third stability region near the upper tip. (d) The third stability 
region near the lower tip. The curves 2 and 1 correspond to a mass 
analyzer vvith fringing field distortions and to one by using round 
instead of hyperbolic rods, respectively. Curves 3 and 4 are 
presented for transmission losses when ion trajectories are unsta- 
ble in the x and y directions, respectively. 
Figure 4. Logarithmic plot of mass analyzer transmission vs. the 
fringing field length z,,/ra. The transmission (T/T,) is expressed as a 
ratio of the transmission in the imperfect fields of the mass analyzer 
to that in an ideal field. (a) The operating point a = -to.236919 and 
q = 0.706, 6, = 0.9931 and ~3,, = 0.00854, i.e., for the first stability 
region. @) The operating point u = iO.0282 and q = 7.54728, J& = 
1.96162 and /3, = 1.03932, i.e., for the second stability region. (c) The 
operating pomt a = 23.16395 and q = 3.23408, /3, = 1.98272 and J3, 
= 0.01354, i.e., for the third stability region near the upper tip. (d) The 
operating point a = 22.520624 and 9 = 2.8153, p, = 1.0209 and J$, = 
0.97374, i.e., for the third stability region near the lower tip. Curves 
are presented for initial phases from 0.1~ (,curve 1) to 0.9m (curve 9) 
after each l/10 of an rf cycle. 
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1 L+n 2 1 %+n 2 
Figure 5. Logarithmic plot of mass analyzer transmission vs. the 
relative time of ion transit in a fringing field .$ The transmission 
is expressed as a ratio of the transmission in the imperfect fields of 
the mass analyzer to that in an ideal field. References for the 
operating points are in Figure 4. Curves are presented for the 
values of the fringing field length from O.lr, (curve 2) to r0 (curve 
3) after each l/10 of rO. Curve 1 corresponds to the mass analyzer 
by using round instead of hyperbolic rods. 
sion losses increase. This implies that there is an opti- 
mum phase of injection in the distorted fields because 
the transmission depends on the time the ions spend in 
the fringing field. This effect is illustrated by Figure 5. 
The plotted curves have a resonant character with peaks 
at the optimum values, [TPt given by eq 49: gPt = 1.67r 
for the first stability region, [YP”” = 0.1~~ for the second 
stability region, and 6;“” = 1.3rr and [Tf”,’ = 1.2~ for the 
third stability region near the upper and lower tips, 
respectively. At such values of the relative time of ion 
transit in a fringing field the transmission losses within 
the mass analyzer that use round instead of hyperbolic 
rods are greater than that due to fringing field distor- 
tions (cf. curves 1 and 2). As z0 grows from O.lr, to ra 
the latter losses increase dramatically and the optimum 
values of the relative time of ion transit in a fringing 
field deflect toward the x(b, d) or y(a, c) direction. 
Transmission versus resolution within the first, sec- 
ond, and third stability regions is illustrated in Figure 6 
for an ideal field, fringing field distortions and distor- 
tions due to the use of round instead of hyperbolic rods. 
The mass analyzer transmission is inversely propor- 
tional to resolution to the gth power where g, = 
-0.919 and g, = -0.575 for the first and second 
stability regions (see curves 2 and 6) and g2 = -0.971 
or g, = -0.961 for the third stability region near the 
upper or lower tips, respectively (see curves 10 and 14). 
10 
R, 
luQ0 
Rcsoiutial at halfhelght 
Figure 6. Log-log plot of the mass analyzer transmission vs. 
resolution. Transmission is normalized with respect to that within 
the first stability region. The dotted lines represent the mass 
analyzer transmission in an ideal field. The solid lines represent 
the mass analyzer transmission taking into account tails of peaks 
from unstable ion trajectories. The dashed lines correspond to the 
mass analyzer by using round instead of hyperbolic rods for the 
value of dodecapole term A,/r& of 106. The dash-dotted lines 
correspond to that with fringing field distortions. Curves 1, 2, 3, 
and 4 represent the mass analyzer transmission for the operating 
point within the first stability region. Curves 5, 6, 7, and 8 
correspond to that within the second stability region. Curves 9,10, 
11, and 12 correspond to that within the third stability region near 
the upper tip. Curves 13,14,15, and 16 correspond to that within 
the third stability region near the lower tip. When resolution is 
greater than 1,000 the broken lines are deflected from the origin 
depicted by the solid lines and tend to the dash-dotted lines. 
Transmission for the second stability region is lower 
than those for the first region by a factor of ten (cf. 
curves 5 and 1). Alternatively, transmission within the 
third stability region near the upper and lower tips 
equals 0.2 and 0.4 fractions, respectively, from those 
within the first region (cf. curves 9, 13, and 1). As 
resolution increases to a value of 10,000, transmission 
taking into account tails of peaks from unstable ion 
trajectories within the first and third stability regions 
drops more extensive than those within the second 
stability region (cf. curves 2, 10, 14, and 6). At such a 
value of resolution, the transmission losses due to 
fringing field distortions are more extensive than those 
that use round instead of hyperbolic rods by over an 
order of magnitude for the second stability region only 
(cf. curves 8 and 7). 
Taking into account eq 67 yields the factor R3’4 in eq 
53. The fact that the transmission is proportional to the 
source aperture squared, yields the factor (R,/Y,)~ in 
eq 53 where G, = -0.621 and G, == -0.569 for the first 
and second stability and G, = -0.543 or G, = -0.559 
for the third stability region near the upper or lower 
tips, respectively. This is illustrated by Figures 7 and 8, 
where optimum values of the relative time an ion takes 
to pass the fringing field normalized with respect to 
initial phase are shown. 
Taking into account eq 64 yields the abundance 
sensitivity of values: 8 X lo-’ and 6 X 10P7 within the 
first stability region, 3 X 10-l* and 1 X lo-l1 within the 
second stability region, 2 X 10P8 and 1 X 1O-6 or 7 X 
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Figure 7. (a), (c) Optimum values of the relative time an ion takes 
to pass the fringing field normalized with respect to initial phase 
vs. the initial values of the angular envelope of a beam. Curves are 
presented for a range of the source exit apertures from (1,3) O.lr, 
to (2, 4) 0.5r,, after each l/10 of uO. The solid limes represent the x 
direction. Similar curves corresponding to the y direction are 
depicted by the broken lines. (b), (d) Similar dependences on the 
initial values of the radial envelope. Curves are illustrated for a 
range of divergence angles from (1, 3) 0.3” to (2, 4) 27’ after each 
l/10 of til( $rO). (a), (b) The first stability region. (c), (d) The 
second stabilitv region. References for the operating points are in 
Figure 4. ’ v 
Figure 9. Log-log plot of the abundance sensitivity of mass 
analyzer vs. the distance from the center of peak in mass spec- 
trum. References for the operating points are in Figure 4. Curves 
3, 4 depicted by the solid and dotted lines represent the mass 
analyzer with fringing distortions. Curves 1, 2 depicted by the 
broken lines correspond to that by using round instead of hyper- 
bolic rods. Curves 1,3 represent the peak tails in mass spectrum at 
the low side of a mass number, M - SM, and curves 2,4 are the 
curve for the high side of a mass number, M + SM. 
b 
/ I 
Figure 10. Factors for calculation of the maximum attainable 
resolution vs. the relative time of ion transit in a fringing field 
when ion trajectories are unstable about at least one of the 
positional axes. Optimal values of the factors and the transit 
phases are illustrated by the dotted straight lines. References for 
the operating points are in Figure 4. Curves 3 represent the mass 
analyzer with fringing distortions. Curves 4 correspond to that 
achieved by using round instead of hyperbolic rods: (1) The x 
direction; (2) the y direction. 
Figure 8. Similar dependencies within the third stability region. 
(a), (b) Th.e operating point near the upper tip. (c), (d) The 
operating J>oint near the lower tip. References for the operating 
points are in Figure 4. See Figure 7 for a description of curves. 
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Table 3. Comparison of the factors of transmission losses and factors for calculation of the maximum attainable resolution obtained 
(j = 1) theoretically and (j = 2) experimentally. The factors of transmission losses are caused by T-R variation (i = 0) in perfect 
fields, (i = 1) by those taking into account tails of mass peak, (i = 2) by those that use round instead hyperbolic rods, (i = 3) by 
those in fringing fields, (i = 4) by those that use pre-filter and (i = 5) by those that use HSW-Optics. The factors for calculation of 
the maximum attainable resolution are caused by R-N variation for the same items. 
Stability 
region k i i qk ak -A a *(Al"" -9 **Kk 
I 0 
II 1 
Ill 2 
Ill 3 
0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 
0.70600 
7.5472% 
3.23408 
2.81530 
0.23699 
0.02955 
3.16439 
2.52100 
0.73 1.16 0.76 + 0.02% 
0.92 1.04 0.92 2 0.006% 
0.73 2.52 0.88 -c 4% 
2.12 1.18 1.89 2 0.3% 
1.33 2.28 1.1 + 15% 
0.72 2.78 0.89 + 5% 
0.88 1.05 0.89 2 0.04% 
0.42 1.59 0.58 -t 0.05% 
0.82 1.47 0.87 2 3% 
1.80 1.11 1.70 k 0.8% 
1.37 2.29 1.15 -c 3% 
1.11 2.39 1.05 -+- 4% 
0.94 1.03 0.94 2 0.2% 
0.97 1.02 0.97 -c 0.03% 
1.35 2.17 1.15 2 5% 
2.54 1.20 2.17 -c 4% 
1.72 1.80 1.35 F 4% 
1.18 1.70 1.10 r 4% 
0.87 1.06 0.88 -+ 0.03% 
0.96 1.02 0.96 r 0.007% 
1.07 2.32 1.03 2 4% 
1.65 1.51 1.39 t 3% 
2.28 2.33 1.4 t 9% 
1.69 2.47 1.24 2 5% 
0.87 
0.96 
0.91 
0.59 
0.96 
0.98 
0.92 
0.98 
2.19 + 11.8 
2.58 + 6.64 
6.19 
2.68 
2.6 2 12% 
0.02 + 0.09 
0.04 + 0.26 
0.15 
0.21 
0.14 F 13% 
0.22 + 1.04 
0.43 t 0.7 
0.89 
0.53 
0.53 2 13% 
0.2 + 1.84 
0.35 + 0.51 
0.72 
0.64 
0.66 2 12% 
Symbols * denote that zero order approximation of T-R variation given by equation: log J = gllog R - log R,) must be replaced by the first order 
approximation in accordance with equation: log T  = A(log R - log R,)“. Then, the transformation of these approximations yields the factor of IA\“” 
instead of g illustrated in the table with presented accuracy of approximation. 
Symbols ** denote that zero order approximation of R-N variation given by equation: N ’ = KkR must be replaced by the first order approximation 
in accordance with the following equation: N ’ = K,R3’* Then the transformation of these approximations yields the range of the factors in 
dependence on the fringing field transit phase and the optimal val;es of these factors illustrated in the table with presented accuracy of experimental 
approximation. 
10e7 and 7 X lo-’ for the third stability region near the 
upper or lower tip at the high and low sides of a mass 
number, respectively. This is illustrated by Figure 9. 
Factors for calculation of the maximum attainable 
resolution given by eq 67 are illustrated in Figure 10. 
The minimum values of these factors that correspond to 
the optimal relative time of ion transit in a fringing field 
when ion trajectories are unstable about at least one of 
the positional axes, are shown in Table 2. 
Results 
Analysis of eqs 46-48, taking account eqs 5053, shows 
that the influence of distortions, i.e., the transmission 
losses, are minimized by ion injection at zero phase in 
each cycle of an rf field. Thus, the transmission in- 
creases exponentially 10 to 100 times, depending on the 
values of resolution and distortion [3]. Ion injection at 
zero phase can be realized by a heterogeneous standing 
wave voltage applied to the mass analyzer with a linear 
distribution of amplitude along the ion transit axis. A 
heterogeneous standing wave voltage can be formed in 
the mass analyzer, for example, by means of electrodes 
with length of about 300 m and the coupling of the rf 
field parameters. To realize this “fantastic” mass ana- 
lyzer in practice it is sufficient to thread the electrodes 
of the latter. This yields a mass analyzer equipped with 
pre- and post-filters whose operating electrode surface 
is in the form of a solenoid. Such a mass analyzer 
permitted a fivefold transmission increase in practice 
[31. 
On the logarithmic scale, the dependencies pre- 
sented in Figure 11 have parabolic character. As the 
resolution increases, transmission losses increase. Es- 
sentially, for the mass analyzer coupled with pre- and 
post-filters, compared to that with a heterogeneous 
standing wave applied voltage, the transmission de- 
creases fivefold at R = 2000 (cf. curves 1). The latter 
comparison reveals that a traditional coupling mass 
filter with pre-filter [2] does not permit the avoidance of 
transmission losses because of the difference between 
the optimum time of ion transit in the fringing field: (a) 
from the source to the pre-filter where L$P’ is equal to 
zero, and (b) from the pre-filter to the mass analyzer, 
where .$‘f”,‘equals 0.3~, for example, for the first stability 
region [3]. When the mass analyzer couples with the 
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Figure 11. Transmission as a function of the resolution. Trans- 
mission is normalized with respect to that within the first stability 
region. Curves 1 correspond to the quadrupole mass analyzer 
operating within the first stability region (L = 20.3 cm, T,, = 0.35 
cm, f = 2 MHz, injection energy: E, = 5 eV, R, = 0.4r,). The 
curves are shown in the form of approximated polynomials and 
experimental points with the confidence limit representation that 
corresponds to 95% significance level. Open squares correspond to 
the N: ions. The solid lines represent the transmission for the 
mass analyzer with the voltage applied in the form of a heteroge- 
neous standing wave. The broken lines correspond to the mass 
analyzer coupled with pre- and post-filters. Curves 2 correspond 
to the quadrupole mass analyzer operating within the second 
stability region (L = 27.5 cm, r. = 0.72 cm,,f = 1 MHz, E, = 60 
eV, R, = 0.4~~). Curves 3 and 4 are presented for the third 
stability regionnear the upper tip (L = 15.0 cm, r0 = 0.35 cm,f = 
1 MHz, E, z= 34 eV, R, = 0.4r,) and near the lower tip (L = 27.5 
cm, r0 = 0.72 cm, f = 1.55 MHz, E, = 18 eV, R, = 0.4r,), 
respectively. Open diamonds correspond to the Ar+ ions and 
symbols X .and + represent the Xe’ ions. 
pre-filter whose applied voltage has a monotonous 
distribution of amplitude along the ion transit axis, the 
transit time always approaches the optimum value, 
namely gpt = 0. Therefore this technique circumvents 
these transmission losses. Thus, transmission grows 
fivefold. This verifies the advantage of ion injection into 
the mass analyzer at zero phase in each cycle of an rf 
field. A coarse approximation by the use of the operat- 
ing surface of the pre- and post-filter electrodes in the 
form of rings instead of a solenoid was employed to 
create a heterogeneous standing wave of a voltage 
applied to the mass analyzer with the linear distribution 
of an amplitude along the ion transit axis. These depen- 
dencies correspond to those given in Figure 6 for these 
stability regions, the experimental parameters of which 
are illustrated in Table 3. 
The attainable resolution for these stability regions as 
a function of N2 is presented in Figure 12. The experi- 
mental conditions are: L = 20.3 cm, r0 = 0.35 cm,f = 
2 MHz, E, = 5 eV, R, = 0.4r,, for the first stability 
region; L = 27.5 cm, r,, = 0.72 cm,f = 1 MHz, E, = 60 
eV, R, = 0.4r,, for the second stability region; L = 15.0 
cm, r0 = 0.35 cm,f = 1 MHz, E, = 34 eV, R, = 0.4r,, 
for the third stability region. At high ion transport 
energies the resolution follows R0,5 = K1N2. With k 
increasing N2 the resolution follows R,,, = Kk1N4’3 
given by eq 67. The results of the experimental verifi- 
cation of Kk yields the following values: K, = 2.6 2 0.3, 
Figure 12. Resolution as a function of the number of the rf cycles 
the ions spend in the quadrupole mass analyzer. Curves are 
presented in the form of approximated polynomials and experi- 
mental points. (a) The first stability region. The broken line is the 
approximation R, 5 a 
polynomial R,,, =’ 
0.05N’. The solid line represents the 
0.39N4’3. Open diamonds correspond to the 
Ar+ ions and multis represent the Xe+ ions. (b) The second 
stability region. The broken line is the approximation R,,, = 
24N’. The solid line represents the polynomial R,,, k 7.25N4’3. 
(c) The third stability region. The broken line is the approximation 
R = 1.4N2. The solid line represents the polynomial R, 5 - 
1.!&/3. Open squares correspond to the N: ions. The experi- 
mental conditions are as in Figure 11. 
K, = 0.14 ? 0.06, and K, = 0.53 2 0.07, which are 
comparable with that given in Table 2. This indicates 
the validity of the simulation results, illustrated in Table 
3. 
Conclusions 
Mathematical simulation of ion separation in imperfect 
fields of a quadrupole mass analyzer demonstrate a 
technique that avoids transmission losses due to para- 
sitic modulation of the ion current conditioned by 
distortions. The simulation results prove that ion injec- 
tion at zero phase in each cycle of an rf field by means 
of a heterogeneous standing wave voltage applied to 
the mass analyzer with a linear distribution of ampli- 
tude along the ion transit axis increases the transmis- 
sion by a factor of 10 to 100 depending on the values of 
resolution and field distortions. 
The results of the experimental verification of the 
techniques used to avoid transmission losses caused by 
field distortions indicates the validity of the simulation 
results. The coarse approximation by means of the 
operating surface of electrodes in the form of rings 
instead of a solenoid to create a heterogeneous standing 
wave voltage applied to the mass analyzer with a linear 
distribution of amplitude along the drift axis increases 
the transmission by a factor of five compared with a 
traditional coupling mass filter with pre- and post- 
filters. Such a comparison proves the advantages of ion 
injection into the mass analyzer at zero phase in each 
cycle of an rf field. This reduces the mechanical toler- 
ances of the mass analyzer without transmission losses 
by an order of magnitude and creates the prospects for 
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an increase in attainable resolution by using the round 
electrodes. 
The difference and sum of the products of even and 
odd Mathieu functions of fraction order p with their 
derivatives yields 
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cepsip - cLpsep = ce2nst?2n - ci2nse2n 
+ P(ceS, + se&J (75) 
cepcip f sepsttp = ce2ncP2n f se2nsC2n (76) 
Equation 75 yields the following form of the 
Wronksian for even and odd Mathieu functions of 
fraction /3 and integer 2n order, respectively, 
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With the use of eqs 73, 74, 76, and 77, neglecting 
Appendix I. The Acceptance Ellipse 
terms above second order with respect to p yields 
Parameters A, B,, rP for Even and Odd rpo = (1 + K;)(&3 + v + P2~2”OMl + PB2nO) 
Mathieu Functions of Fraction Order /3 = (1 + K;)[(l - /3B,,,)~,,o + 331 (78) 
By standard trigonometric identities, even and odd 
Mathieu functions of fraction order /3 can be reduced to A,, = (1 + ~;)&to/(1 + P&z,,) 
the form 
= (1 + ‘&1 - Pf32,o)A,,, (79) 
cep = co4POce2, - sin(PE>se2, B,, = (1 + ‘&h/(1 + &,,,) 
and = (1 + K;)(l - P&,&f-& (80) 
se0 = cos(pS)se,, + sin(f3[)ce2, (71) where AznO = - (ce2nOc~2no + se2nos&J / WZnoI r2,,o = 
@no + s&o)/ W2no. 
Similar arguments in eqs 71 for derivatives of 
Mathieu functions of fraction order f3 yield 
Taking into account eq 19 yields 
rp = rpomS2 - 2Ap0m22m21 $- && 
ckp = cos(/3~)cf2,, - sin(p&f?,, 
= rat, det(M,) (81) 
and 
- PlIcos(Ptbe2, + sidP5>ce2,1 
A, = rpom12m2, - 2APOhlm22 + m12m2J 
+ Bpomllm2, = APO WW (82) 
sip = COS(P~>S~~, + sinU-XW2, + P[co@3ce2, 3, = rpomf2 - 2ApOm12mll + &d& 
- sin@%e2,1 (72) = BP0 det(M,) (83) 
The sum of eqs 71 and 72 squared will be as follows Combining eqs 81-83, taking into account the ex- 
ce’p f se”p = ce& + se;, (73) 
plicit form of det(M,), yields 
ct$ + sc’p = ce$, Jr s& + 2/3(ce,,sc?,, - ck2nse2n) 
rpBp - A; = (rpoBpo - A~d(mllmz2 - m12m2d2 
+ @(ces, + se&) (74) E (TpoBpo - A$) det’(M,) (84) 
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J Am Sot Mass Spectrom 1998, 9, 70-87 
b 
Figure 13. Variation of the ellipse parameters with an initial 
phase for even and odd Mathieu functions of integer order 2n of 
characteristic values a, and b,, t. (a) The x direction and (b) the y 
direction for the operating point a = to.236919 and q = 0.706, 
i.e., for the first stability region. (c) The x direction and (d) the y 
direction for the operating point a = 20.0282 and q = 7.54728, 
i.e., for the second stability region. The dashed lines represent the 
parameters when ion trajectories are unstable about at least one of 
the positional axes. The ellipse parameters A (curves l), B (curves 
2), r (curves 3) for the phases differing from zero are deflected 
from the origin depicted by the solid lines. 
Substitution of eqs 78-80 into eq 84 yields 
rar,B,, - A;,, = (1 + K~)~[(~~,,o&,o - A:,,) 
+ W&d/(1 + k%d2 
With the use of the following identity 
r&Lo - Aho = 1 (85) 
neglecting terms above second order with respect to p, 
we obtain 
rpoB,m - A’po = (1 + @[l + WB,,,l/ 
x (1 + 2PB,,,) = (1 + K;)* (86) 
Taking into account eqs 21-24 yields the explicit 
form of det (MT) of the transition matrix M,( m + to), 
as follows 
det(M,) = [cos(/3m) - ~~ sin(@m)]2 
+ (rpoBpo - A&Nsin(P~n) 
+ Kg COS(@WZ)]*/(1 + Kg)’ (87) 
Substitution of eq 86 into eq 87 yields 
b 
13 d 
Figure 14. Similar ellipse parameters for the third stability re- 
gion. (a) The x direction and (b) the y direction for the operating 
point near the upper tip: a = 13.16395 and q = 3.23408. (c) The 
x direction and (d) they direction for the operating point near the 
lower tip: a = 22.520624 and q = 2.8153. See Figure 13 for a 
description of the curves. 
det(M,) = 1 + K; (88) 
Therefore, with the use of eqs 78-80 substitution of 
eqs 88 and 86 into eq 84 and into eqs 81-83 yields 
rpBp - A; = (rpoB,, - A&)(1 + Kg)’ 
= (1 + K’o)’ (89) 
rp = (1 + Kim - ~~2no)r2,0 f 2pl (90) 
22 
A, = (1 + Kg) (1 - PB,,o)A,,o (91) 
B, = (1 + ‘&‘(l - PB,,,)B,,o (92) 
The parameters Azno, BznO, and rzn,, are illustrated in 
Figures 13 and 14. 
Appendix II. The Acceptance Ellipse or 
Hyperbola Parameters A,,, B, rlL for 
Even and Odd Mathieu Functions of 
Integer Order 2n 
By standard trigonometric identities and by neglecting 
terms above second order with respect to p, the accep- 
tance ellipse or hyperbola parameters A,, B,, and rF 
for even and odd Mathieu functions of integer order 2n 
can be reduced to the form 
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rpo = k&o + s&,W~~ + 2/-4x + x-71 
x (1 + CLX-1B2no)-1 
= WmJ + 2/4x + x-‘)I(1 + CLX-1&3>-1 (93) 
= A,,,& + ~x-*fL,-~ (94) 
BP0 = <ceho + sehJW&l + P,x-~B~,J~ 
= B,,,(1 + PX-%,,)-~ (95) 
Similar arguments in eqs 81-83 for unstable ion 
trajectories yield 
(96) 
A, = rpon12n22 - 24&w22 + 12121221) 
+ B,onlln21 = A, det(N,) (97) 
B, = rpof2:2 - 2A,,~12~ + BP,& 
= BGo det(N,) (98) 
Combining eqs 96-98, taking into account the ex- 
plicit form of det (NT), yields 
= (lYpoB,o - A$) det2(N,) (99) 
With the use of eqs 93-95, neglecting terms above 
second order with respect to /.L, we obtain 
rpoqLo - AZ0 = [l + 2& + x-r) 
x &,,I/(1 + CLX-%,O)~ = 1 ’ 0 
WO) 
Taking into account eqs 25-28 yields the explicit 
form of det (NT) of the transition matrix NT( rm + to) as 
follows 
det(N,) = 1 + [/J(x + x-‘)r# 
x (r&Lo - &o) 
x (1 + /~x-lB,,,)-~ = 1 + 4 (101) 
where 
-r. = p(x + x-‘)m/U + 1*.x-~B2,0) (102) 
Because B 2n0 5 1.5, i.e., B$, i 1.5 and Bit,‘, 5 1.0 
for k = 0, B$:o % 1.0 and B$,, I 1.5 for k = 1, B& 5 
1.0 and B$ti % 1.5 for k = 2, B$& 5 0.5 for k = 3, as 
well as x = nkIis by eq 143, we can neglect the term 
above second order with respect to p that does not 
contain factor n in eq 101. Therefore, substitution of eqs 
100 and 101 into eq 99 and into eqs 96-98 with the use 
of eqs 93-95, yields 
IYwBC( - A; = (1 + $)2[1 + 2/~(x + X-‘)B,,,] 
x (1 + &rB,,,)-* = (1 + 4)’ (103) 
rr* = (1 + 4xrzno + 3-4~ + X-V 
X (1 + /LX-~B~,,~)-~ = (1 + 4) 
x (r2no + 2/+-‘)(1 + I.Lx.-~B~,,,)-~ (104) 
A, = (1 + &%no(l + ~x-~Bm-’ (105) 
B, = (1 + ~$B,,a(l + /.Lx-~B,,,)-~ (106) 
where T,, is given by eq 102. These parameters are 
illustrated in Figures 13 and 14. 
Appendix III. The Analytical Approach 
for Calculation of the Stability Parameter 
j3 and Instability Parameters p and x 
A small parameter Plk = Ir - &I of stability in eqs 4-6 
is normally calculated by means of the following recur- 
sion relation 
[a - on + Pl!JICZn - q(C,,+, i C2s-2) = 0 (107) 
and the following approximate expression 
(5a + 7)94 - 
32(a - l)3(a - 4) 
(9a2 + 58~ + 29)q6 _ 
64(a - 1)5(u - 4)(a - 9) 008) 
where 1 = 1, 2; k = 0, 1, 2, 3; if k = 0, 1 then r = 1 - 
k + (-l)‘+l + (-l)k+l and if k = 2, 3 then r = lk - 
2 + (-l)‘fl + (-l)kl. 
However, because eq 108 is valid for 1~11 >> ]q*[(r + 
pJ2 - 1]/2], i.e., for 9 5 1, eq 107 yields a continued 
fraction and this method complicates the calculation. 
We consider the analytical approach by using the 
geometrical form of an u-9 diagram. When the operat- 
ing point (a, 4) tends to the tip of the stability region the 
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stability boundaries can be approximated by the follow- 
ing straight lines 
alk = k,k(q - qk) + uk (109) 
where 1 = l., 2 for the x and y boundaries, respectively. 
The scan line, which determines resolution, can be 
expressed as follows 
a = 2hq (110) 
where A = aklqk - 2C&qk/R and R is the resolution. 
The transmission range, which is cut out by the scan 
line, can be determined as follows 
Aqlk = q&k - a)bk - kdjk)-1 (111) 
R is calculated from the width of the stability region 
that is cut out by a particular scan line given by eq 110 
with the use of eq 111 as follows 
R = i: fiqlkqkl = ctk(uk - a)-’ 
1=1 
(112) 
ay = 1.4207017 - 1.43037 (120) 
near the upper tip of the third stability quadrangle for 
operating points given by q2 = 3.23408 and a = 
3.16439 - 1.1004/R; pIa = & - 1, &s = 1 - &, and 
the stability boundaries are as follows 
ax = 0.034749 + 2.42331 (121) 
uy = 1.441129 - 1.53619 (122) 
near the lower tip of the third stability quadrangle for 
operating point given by q3 = 2.81530 and a = 
2.52100 - 0.9402/R. 
Therefore, substitution of eq 112 into eq 114 yields 
fi:k = A:,/R (123) 
where 
A:, = bk - kpkqk&k - kzk) -’ (124) 
Taking into account that 
where 
2f$k = %il (125) 
ak = fi bk - klkqk)[qk(klk - kzJ-1 
l=l 
(113) 
Because the resolution is inversely proportional to the 
product of stability parameters in the x and y directions, 
then by using eqs 111-113 yields the following approx- 
imate expression: 
,$k = (ak - @)bk - kpkqk)bk@lk - k,k)l-’ (114) 
where I = 1, 2; p = 2 + (-l)‘+‘; p10 = 1 - p,, p2a = 
by, and the stability boundaries are as follows 
a, = 1.05195 - 1.154349 (115) 
ay = 0.637729 - 0.21324 (116) 
near the upper tip of the first stability triangle for 
operating points given by q0 = 0.70600 and a = 
0.23699 -. 0.1773/R; PI1 = 2 - p,, p2r = /3, - 1 and 
the stability boundaries are as follows: 
a, = 6.91508 - 0.91232q (117) 
ay = 0.877649 - 6.59424 (118) 
near the upper tip of the second stability triangle for 
operating points given by q1 = 7.54728 and a = 
0.02955 -- 3.3754/R; p12 = 2 - p,, pZ2 = BY, and the 
stability boundaries are as follows 
a, = 4.77033 - 0.4965717 (119) 
one might expect the maximum attainable resolution, 
R llX%Xl to be related to square of the number of cycles the 
ions spend in the field, N, i.e., 
(126) 
where 
-1 
(127) 
and Ii,,, = R,,, = 2R,,, is estimated in relation to 
required field length by examining the half wavelength 
of the characteristic ion motion at the center of a peak of 
known theoretical full width at half height. Hence, with 
the use of eqs 114-126, we can calculate the stability 
parameter P near the tip of the stability region and the 
maximum attainable resolution that are summarized in 
Table 1. 
When the ion trajectories are unstable about at least 
one of the positional axes, similar arguments in eq 109 
yield the following straight lines 
bktl(q) or ak(q) = k&l - qk) + ak (128) 
where 1 = 1, 2 for the x and y boundaries when ion 
trajectories are stable in the y and x direction, respec- 
tively. With the use of eqs 128 and 110, we obtain the 
coordinates (qlk, alk) of the point where the scan line 
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given by eq 110 intersects the x or y boundary as 
follows: 
Similar arguments in eq 111 for unstable ion trajec- 
tories yield 
9lk = 6% - k,!&mA - kl!xl (129) 
a [k = 2/q& - klkqd2h - hJ1 (130) 
where factor k,, differs from that in eq 109, which 
describes the boundaries near the tip of the stability 
region given by eqs 115-122. New boundaries can be 
approximated by the following straight lines: 
A9,, = 9&7, - u)(Q~ - kprq,X1 (139) 
wherel=1,2;ifk=O,l,thenp=landr=k;ifk=2, 
thenp = I + (-l)l+r and r = k + (-l)k if k = 3, then 
p = I and Y = k + (-l)k. 
b,(q) = u, = 2.168649 - 1.29407 (131) 
Q,(9) = a,, = 0 (132) 
when pro = pX - 1 and F~,, = pLr for the upper tip of 
the first stability triangle; 
Substitution of eq 112 into eq 139 yields 
CL:~ = 6:,/R 
where 
(140) 
b,(9) = a, = 0.912329 - 6.91508 (133) 
a,(9) = u:, = 6.59424 - 0.877649 (134) 
when pI1 = pcLx - 2 and pzl = 1 - pY for the upper tip 
of the second stability triangle; 
b,(9) = u, = 1.441129 - 1.53619 (135) 
a,(q) = a>, = 0.034749 + 2.42331 (136) 
when ~~2 = px - 2 and p22 = F,, for the upper tip of 
the third stability quadrangle; 
b,(9) = 4 = 4.78616 - 0.501469 (137) 
a,(9) = aI, = 1.440539 - 1.37796 (133) 
when ~~~ = 1 - pX and pz3 = ~~ - 1 for the lower tip 
of the third stability quadrangle. 
a:, = ~9&, - k,,q,l (141) 
The instability parameter x determining the operat- 
ing point at which ion trajectories are unstable in the x 
or y directions can be given by the following approxi- 
mate expression: 
X?k = (Uk - a + diM%k - a - /-A) (142) 
where alk is determined by eq 130. Substitution of eqs 
112, 130, and 140 into eq -142; neglecting 
second order with respect to p, yields 
x:k = ICS:k - 4/[Rh - 4li = d/R 
= (w!J hJ*dk 
terms above 
where 
(143) 
(144) 
Similar arguments in eqs 125 and 126 with the use of 
eqs 140 and 143 yield the factors estimating the instability 
parameters p and x as well as the maximum attainable 
resolution, taking into account the peak tails from unsta- 
ble ion trajectories that are summarized in Table 2. 
